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1.2 Length and Angle

Example: Let 4 =[1,4,2,-9] and ¢ = 2,3, —2, —1]. Calculate the dot product @ - ¢
Uy = )+ #(3) + 2(-2) + Ca)l-)
= 19

Example: Calculate:
a) [1,5]-[2,—3]

= 1(2)+ 5(‘3)
= -3

b) [1,5] - [2,—3,0]

U\/}d€£ mgc[l

¢) [ur, ug - [ur, us]

U+ U,

Fact: Three Properties of the Dot Product
Let @, v be in R™. Then:

1)
2)
3)

v

>0
U =0v-1U
u=0if a

ISNIEI]

nd only if @ =0
Example: Break Property 3 into two statements, and decide which is more obvious.

_

£ Ww=0 tYthen U= 7. (/ffs obmmj
AND
f Uu=%  then U-U= 0 (/mfﬁ @}ouiouS)
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1.2 Length and Angle

Example: Simplify:
a) (4 +v) - (4 + )

— 5 - = =,
=TT T LRt LT is mesinyfess
- o s =2 — o
= Wutr 2wyt UV
b) 3d - (—27 + 5w)
= LUV HITT W
Definition: The length of #'is written ||7]|. If & = [v1, vy, ..., v,] then ||7]] = /v} 4+ v} + ... + v2.

Example: Draw a picture to show that in 2D this is the Pythagorean Theorem.

\\?HZW%! .
%

Example: Calculate:
a) ||[17 17 17 _2]”

= \Jlxl++y
ERER
b) {[[3, 1]l
=yari
= \To

c) [3,—1]-[3,—1]
= 9+

= |o

Fact: -0 = ||7]|? for all ¢
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1.2 Length and Angle

Example: Let ¢ = [v1, vq,v3]. Simplify || — 37]|.

(=37l = 11 [3v, 3% 35 |
S 9+ 9%
{9 0y @v ™) MW:@@
© T e
= 37 s %Als N

*e-/)'\“lq Q]L TJ_:H'

Fact: ||cv]| = |¢| ||v|| for all vectors ¥ and real numbers c.

Definition: A unit vector is a vector that has length one. Normalizing a vector ¢ means
finding a unit vector in the same direction as 7.

Fact: The followmg vector has length one and the same direction as ¢/
(prov1ded that 7 # 0): U

o /
_F .
i =1
Iral

Example: Normalize ¢ = [4, -2, 1]

(Pl=J+t+1 = (2

[
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1.2 Length and Angle

Definition: The distance between @ and b is written d(a@,b). It is calculated by
(@, ) = [|a — Bl

Example: Draw a picture to illustrate the above formula.

o

N %5 -
v g?l A57)= 1 @bl
VA
O

Example: Find the distance between @ = [2, —1] and b = [3, —6]
—

Ga-b=[-1, s |
d(a,5)= =%l = 7

Fact: The Triangle Inequality
For all @, v in R™: ||u + ¢]| < ||d]| + ||¥]|
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